ABSTRACT: This paper presents the basic equations for a mathematical model of sediment-laden flow in a nonorthogonal curvilinear coordinate system. The equations were derived using a tensor analysis of two-phase flow and incorporate a natural variable-density turbulence model with nonequilibrium sediment transport. Correspondingly, a free-surface and the bottom sediment concentration are employed to provide the boundary conditions at the river surface and the riverbed. The finite analytic method is used to solve the equations of mass and momentum conservation and also the transport equation for suspended sediment. To demonstrate the method, the sediment deposition for the Three Gorges Project is considered. The mathematical model specifies the boundary conditions for the inlet and outlet using data from physical model experiments. The results for the mathematical model were tested against laboratory measurements from the physical model experiment. Good agreement and accuracy were obtained.
INTRODUCTION
With advances in computer technology, the use of river sediment numerical models in large hydraulic projects has become increasingly important and popular (e.g., Xie 1987) . Many 1D and 2D models have been shown to provide useful results that compare well with physical model experiments. However, in a natural river there are very seldom 1D or 2D open-channel homogeneous flows in a straight channel. More often 3D flow with irregular cross sections is observed. The 3D flow characteristics of a natural river are closely related to the widthto-depth ratio of the river. The smaller the width-to-depth is, the more 3D are the characteristics that the river displays.
In China, with the construction of large hydraulic projects such as the Three Gorges Project (TGP) on the Yangtze River and the Xiao Lang Di Project on the Yellow River, details of flow and sediment transport are needed to consider problems related to navigation, the environment, and ecology, in addition to questions involving sediment deposition and erosion in the river. To achieve a thorough understanding of these concerns, 1D and 2D numerical models are sometimes not sufficient and a 3D mathematical model is required.
At present, several 3D mathematical models for sediment transport are available. Wang and Adeff (1986) and Wang (1994) proposed a 3D mathematical model for predicting river sedimentation by the finite-element method. Olsen and Skoglund (1994) and Olsen and Kjellesvig (1998) suggested a 3D numerical model for sediment flow in a sand trap and estimations of maximum local scour depth. Lin and Falconer (1996) constructed a 3D numerical simulation for suspended sediment in estuarine and coastal waters. van Rijn (1987) developed a combined model in which the sediment transport is calculated with a 3D method and the flow with a depth-averaged approach in combination with the assumption of a vertical logarithmic velocity profile. Wu et al. (2000) presented a 3D numerical model for total sediment transport (suspended sediment and bed load) where the flow is calculated by solving the fully Reynolds-averaged Navier-Stokes equation in conjunction with a k-ε turbulence model.
Three-dimensional mathematical modeling requires an appropriate model for sediment transport. A proper sediment 1 Assoc. Prof., Dept. of Hydr. Engrg., Tsinghua Univ., 100084 Beijing, China. transport model needs to include parameters representing friction factor, sediment-carrying capacity, sediment-diffusion coefficient, and sediment concentration at the riverbed. However, in a natural river it is at present not easy to express the aforementioned factors with a general and fully accurate formula. This is because each river, even each river segment, has a special self-character that depends on the complex boundary conditions and incoming flow and sediment from upstream. Moreover most present theories for sediment transport are based on laboratory results of equilibrium sediment transport by steady flow. There are large differences between equilibrium sediment transport by steady flow and the nonequilibrium sediment transport by unsteady flow that usually occurs in a natural river. Consequently, people sometimes have to adopt empirical coefficients and formulas if calculating the sediment transport for a natural river, so that the results of the calculation and field measurements coincide well. The coefficients and concepts in the empirical formulas are sometimes only a scientific hypothesis, and they must eventually be verified and corrected. Recently in China the numerical modeling of sediment transport has become more practical and advanced due to developments in computer technology and improvements in the basic theory of sediment transport. Almost all mathematical models of sediment transport are now based on nonequilibrium sediment transport. Furthermore they are calibrated using physical model experiments or field measurements. Although many models of sediment transport have been proposed in the past, most of these have been 1D or plane 2D mathematical models (Han 1979 (Han , 1980 Li and Xie 1986; Zhou and Lin 1995) .
This paper describes a second-order turbulent model for sediment-laden flow and solves the basic equations using a nonorthogonal curvilinear coordinate system. Nonequilibrium sediment transport is applied in the model. Also, a nonequilibrium sediment transport model with sediment-carrying capacity and recovery coefficient is introduced. The model has been used to calculate the flow and transport of suspended sediment near the dam of the TGP. The results from the numerical simulation are compared with the physical model experiment carried out by Tsinghua University (1996) . 6 e w e w e w
Eq. (6a) is a variable-density turbulence model with Cartesian velocity components in a nonorthogonal curvilinear coordinate system. It couples the flow with the sediment transport; there are sediment transport terms Ѩs/Ѩ i in the momentum, k, and ε equations. Generally for the Yellow River, with a heavy sediment concentration, the sediment concentration has a significant impact on the flow and turbulence structure and the coupled flow and sediment model is suitable. However for the Yantze River, with a relatively lower sediment concentration, the sediment concentration has little effect on the flow and turbulence structure, and we can let Ѩs/Ѩ i = 0 in the momentum, k, and ε equations. This is the so-called uncoupled model for flow and sediment transport in which the velocity field and water depth are calculated first and then the sediment concentration and riverbed deformation are calculated using the velocity field and water depth. There is no doubt that using an uncoupled flow and sediment transport model is more convenient and produces savings in time and money, but for the Yellow River, with its hyperconcentration of sediment, the coupled model for sediment transport is more suitable. When used in the Yellow River, the turbulence model needs to adjust the turbulence coefficients and also the sediment transport coefficients to reflect that the sediment concentration has more effect on the turbulent structure of the flow. 
BOUNDARY CONDITIONS
On the basis of sediment-laden flow for rivers, four kinds of boundary conditions can be specified for the above equations. First, for the upstream boundary, Dirichlet boundary conditions are applied to the variables in = (u, v, w, s, k, ε) . Second, for the downstream boundary, Neumann's boundary conditions are applied to the variables out = (u, v, w, s, k, ε) Ѩ out = (t); = 0
in Ѩ where = main streamline direction at the outflow boundary. Third, the dynamic surface boundary condition can be applied to the free-surface boundary with Fourth, for the riverbed and bank boundary, the turbulent wall function is specified (Schlichting 1979) 
where = von Karman constant 0.4; = friction velocity; u * y ϩ = normal distance from the wall; and k s = roughness height. In a typical river k s = (nc s ) 6 , with c s = 19 to 26, in which n is Manning's roughness coefficient (Li and Liu 1963; Zhang and Xie 1993) .
At the sediment bed of the river, a simple and effective boundary condition for the flow and sediment erosion is the sediment incipient velocity or critical shear stress of the riverbed boundary. Riverbed armoring results in the course sediment shadowing and blocking the fine sediment, after which it forms a protective-erosion layer (Fang 1995a) . In this study a new 3D mathematical model of sediment-laden flow is used to predict nonequilibrium sediment transport (Fang 1996) . There are two major focuses in this study. The first is the sediment concentration in the boundary layer of the riverbed. The second is nonequilibrium sediment transport. The above two depend on the recovery coefficient and the sediment-carrying capacity of the sediment-laden flow.
Using the concepts of sediment-carrying capability and S k * recovery coefficient ␣ that are widely applied in Chinese numerical simulations for nonequilibrium suspended sediment transport (seen in Appendix I), the riverbed deformation caused by the nonequilibrium sediment transport can be written as
where Ј = dry bulk density of bed materials; Y k denotes the riverbed deformation caused by the kth fraction sediment; s b,k and = sediment concentration and sediment-carrying cas b,*k pability of the kth grain-size fraction in the lower boundary layer of the river, respectively; and ␣ = recovery coefficient.
Introducing the lower riverbed boundary condition for a sediment-laden flow into (11) and assuming the concentration distribution between the lower boundary point and its above neighbor point is under equilibrium conditions, yields the numerical boundary condition
where and z 2 = sediment concentration and elevation of the s 2 above neighbor point of the lower boundary; ␦ = thickness of the lower boundary and can be calculated as roughness height k s ; and k = settling velocity of the kth fraction sediment. If the flow has a hyperconcentration of sediment in the lower boundary layer, such as in the Yellow River, k can be readjusted according to Fei (1991) The sediment-carrying capability in the lower boundary layer of a river and the recovery coefficient are introduced below. The sediment-carrying capability is defined as the critical or theoretical maximum of bed-material concentration under the condition of equilibrium sediment transport. The bed material is only a part of the suspended sediment being exchanged with the riverbed. If the input of sediment concentration to the bed material is more than the sediment-carrying capacity, the sediment-laden flow is in extrasaturation and deposition occurs. Otherwise erosion occurs because the sedimentladen flow is in insufficient saturation. If the suspended sediment concentration approaches the sediment-carrying capability, the sediment-laden flow will be in an equilibrium state.
Studies have been carried out to determine the variation in sediment-carrying capacity with grain size. Zhang (1961) and Zhang and Xie (1989) gave
where = depth-averaged sediment-carrying capacity of the S k * kth grain-size fraction by weight; U = depth-averaged velocity (U = h = water depth; g = gravitational acceler-2 2 u ϩ w ); ͙ ation; P k = P 1 /P 2 with P 1 = P 2 = and P bk
= size distribution of bed material and is the percentage of the kth grain size of bed material; and k and m = model coefficients and can be determined from Fig. 1 . If the aforementioned method is used for 3D calculations, there needs to be an evaluation of the sediment-carrying capacity under conditions of equilibrium sediment transport in the lower boundary layer. The sediment-carrying capacity of the riverbed is evaluated from the sediment-transport capacity given by the depth-averaged suspended sediment-carrying capacity and the relative concentration profile. Suppose the concentration profile can be applied to the distribution of sediment-carrying capacity; then by integrating the concentration profile (Zhang and Xie 1989) over the water depth it is possible to get the sediment-carrying capacity above the riverbed in terms of the depth-averaged value
where f () = function = 1 Ϫ y/h; and a and h = relative positions of the riverbed and surface, respectively. As for the recovery coefficient, the writers consider that under conditions of dynamic equilibrium of sediment transport it is more reasonable to define the recovery saturated ratio ␣ to be the recovery coefficient. From (11) it is obvious that the recovery coefficient exerts a great influence on the rate of riverbed deformation. The larger the recovery coefficient is, the greater will be the rate of riverbed deformation, and vice versa. In China up to the present, the recovery coefficient is still the question at issue. Appendix I contains many representative ideas for this question. Alternatively, the recovery coefficient may be evaluated from measured data from field and laboratory experiments; therefore it is also a synthetic coefficient. According to Han (1980) and Han and He (1984) , who have carried out a lot of calculations about the Yangtze River, the recovery coefficients are 0.25 and 0.5 for a river reservoir and lake reservoir, respectively, under conditions of sedimentation. It is 1.0 or greater for erosion.
NUMERICAL SOLUTION PROCEDURES
Eqs. (6a)-(6g) for variable-density turbulent flow in a general curvilinear coordinate system are convection-diffusion equations. They can be discretized by the finite difference method (Lin and Falconer 1996) , the finite element method (Wang and Adeff 1986) , the finite volume method (Wu et al. 2000) or the finite analytic method (FAM). In this study the FAM (Chen et al. 1981 ) is used to derive the approximate algebraic representation of the governing nonlinear differential equations [(6a)-(6g)] from the local analytic solution. The local analytic solution is obtained for a small element of the total solution domain in which the governing equations, if nonlinear, is linearized. The local analytic solution is then expressed in an algebraic form. The system of local analytic algebraic equations is solved to provide the numerical solution of the problem. The numerical errors of FAM were analyzed by Zeng and Li (1987) who proved that the method is computationally efficient and can simulate accurately both convection and diffusion. Due to the analytic nature of the solution, FAM provides an automatic, smooth, gradual upwinding of the convective effect.
Eq. (6a) can be written in the Ϫ Ϫ coordinate system
where A, B, and C = convective coefficients; and f p = source term. In (16), both normal and cross-derivative terms are involved, in which the source term f p contains the cross derivative terms. If a nonorthogonal grid is used for the complex geometry of a natural river, then the cross-derivative terms in the governing equations do not vanish. This means that there will be explicit ''sources'' in the discretized equations arising from these terms.
To derive the 27-point finite-analytic discretization, (16) for one element is written
Eq. (17) is well posed if the boundary condition for the top, bottom, west, south, north, and east boundaries of the element are specified. The FAM is an exact 27-point discretization used to evaluate the contributions of the weights c i to the interior node P. Note that c i = 1 (Chen and Chen 1984b) . How-
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͚ nb=1 ever, the need for double series summations of the nodal coefficients requires substantial computational time. Here, a more approximate and more practical 27-point finite-analytic equation is derived for (17). The new 3D 27-point finite-analytic scheme is obtained from superposition of 2D finite-analytic solutions in the Ϫ domain, the Ϫ domain, the Ϫ domain, and their diagonal domain (Chen et al. 1995; Fang 1995b) . The coefficients for the new 27-point finite-analytic schemes are evaluated from the analytic solutions for the nine 2D finite-analytic schemes. Simplifying (17) to the 2D situation in the Ϫ domain
2 is assumed constant in one element. To obtain the analytic solution for (18), the three nodal points at each side of the local element and a suitable interpolation function may be used to approximate the boundary conditions (Chen and Chen 1984a) . Here the functions used to approximate the boundary conditions take a constant, a linear, and an exponential form. For example, the south boundary function is specified s where the coefficients c nb are evaluated by Chen and Chen (1984a) . If the coefficients for the nine 2D plane domains are evaluated from the above method, and then summed up, the new 27-point finite-analytic scheme can be obtained for the variable p (Fang 1995b) 
where p may be either velocity (u, v, w) , pressure P, sediment concentration s, turbulent energy k, or the rate of turbulent dissipation ε; and and = coefficients of the FAM and the iable, we obtain the new 27-point finite-analytic scheme for the 3D convection-diffusion equations
The writers consider that FAM has good upwind characteristics in that it can quickly get a converged solution for a 3D simulation. The solution procedure uses the SIMPLE algorithm (Launder and Spalding 1974; Patankar 1980) to handle the pressure-velocity coupling and a staggered grid arrangement to avoid pressure oscillations.
CALCULATION EXAMPLE
The TGP is situated on a region of the truck stream of the Yangtze River that is known as the ''golden waterway.'' The dam is located at Sandouping, 40-km upstream from Yichang city. The problems encountered in the design of the TGP are due to sedimentation, navigation flow conditions, and the channel and lock dam hydraulics. There are few precedents for the magnitude of the project in China or in the world. These problems are of great concern for the performance of the reservoir and for the safety of navigation after the dam is built.
The reservoir of the TGP is about 600-km long. From the analysis of sediment transport, including suspended sediment and bed load, it is known that over a long period the pebble bed load will not transport to the neighborhood of dam. Mostly it will be deposited upstream of the reservoir. However the suspended sediment may be transported from upstream of the reservoir to the neighborhood of the dam, and the grain size of the suspended sediment varies gradually from coarse to fine along the reservoir from the tail to the dam. During the initial period of reservoir operation, a small amount of suspended sediment may reach the neighborhood of dam and the diameter will be fine. As the reservoir matures, the amount of suspended sediment entering the dam area will increase and the diameter will become coarse. Eventually, the reservoir will come to an equilibrium of deposition and erosion. After this the sediment input from the upstream will pass through the dam area completely.
To investigate deposition and erosion, the equilibrium years of deposit, the velocity field, and the effect on navigation of the construction of the TGP, three physical scale model experiments for the neighborhood of the TGP are being conducted. These are in the Tsinghua University, the Yangtze River Scientific Research Institute, and the Nanjing Hydraulic Research Institute. They employ the same initial and boundary conditions but are conducted at different scales and with different model sediments. The profile computed from the 1D mathematical model of the Yangtze River Scientific Research Institute is used as the inlet boundary of the flow and sediment. These experiments use a 10-year series of natural hydrology processes from 1961 to 1971 to provide conditions at the inlet boundary. The hydrology processes encountered over the 10 years include flood seasons and flood sediment years, average seasons and average sediment years, and dry seasons and dry sediment years. The average discharge of flow and sediment over the 10 years is the average value of many years as set by a sediment advisory committee for the TGP. To model an extra flood season and flood sediment year, a 1954 Yangtze River flood, where the discharge was >50,000 m 3 /s, has been added. This large flood process is used to supplement the 30th, 50th, and 70th years. The nth year is defined from the time of the reservoir construction and the damming of the Yangtze River. The water level of the reservoir is 156 m (relative to the Chinese water level zero point) in the past 10 years, and is then 175 m from the 11th year. However, in the flood season the water level is 135 m during the first 10 years and 145 m from 11th year. The flood is the major factor in riverbed erosion and deposition. Due to this fact, in a flood period the discharge applied in the model is set to be >15,000 m 3 /s. Table  1 shows statistics on the input and output of suspended sediment for 90 years after the TGP works have been finished. They are based on the results from a 1D mathematical model by the Yangtze River Scientific Research Institute. Table 2 shows the predicted sediment size distribution for different periods in the neighborhood of the dam.
In this study a 3D mathematical model for suspended-sediment transport is also considered. The same original topography map and the inlet flow and sediment data used in the physical model experiment are also employed in the mathematical model. The numerical simulation utilizes the aforementioned mathematical model and numerical method. The procedures used in the numerical solution are outlined below:
1. The boundary fitted coordinate system for the total solution domain in the neighborhood of the dam for the TGP is set up, and the coordinate transformation coefficients are calculated. 2. Calculate the velocity field and pressure field in the computational domain. Iterate on the pressure field and velocity field until the solution converges. 3. Calculate the surface boundary equation according to the velocity field and free-surface dynamic boundary condition. 4. Solve the sediment transport equation and the riverbed deformation equation based on the nonequilibrium sediment-transport model. 5. Modify the riverbed boundary and the size distribution of bed material. 6. Rebuild the boundary fitted coordinate systems for the total solution domain in the neighborhood of the dam according to the new water surface and new riverbed boundary and calculate the transformation coefficients. 7. Repeat Steps 2-6 until the error residual is less than some present value. 8. Return to Step 2 and calculate the next discharge process.
FIG. 2. Sketch Map of TGP in Neighborhood of Dam
In developing 3D mathematical models of sediment transport, a necessary step is to apply the models to valid flow situations for which measured data or laboratory measurements are available. The physical model experiment of Tsinghua University (1996) is used for verification of and comparison with the mathematical model. The experiment relates to the sediment transport in the neighborhood of the TGP and was commenced in 1992. The model adopts the geometry scale 1:180 and uses undistorted axes. Plastic materials with densities of 1,052 kg/m 3 have been chosen as the model sediment. The experiment has a movable riverbed and uses a particle tracking velocimetry technique to measure the surface velocity field. To compare with the experiment, the cross sections used in the following comparisons are the same as those used in the experiment.
The river reach investigated is from Laoroudong to Sandouping (dam site), and its total length is 16.5 km. There is a curve in the natural river pattern, and the river is about 400-m wide at the entrance and 2,000-m wide at the dam location. The sketch map of the reach and the arrangement of the physical model experiment are shown in Fig. 2 . In this figure the river geometry contours for 70 and 145 m are indicated by coarse lines, and the margin and measurement cross sections of the experiment are drawn using fine lines. The river contour at 70 m shows the natural and native river pattern, and the contour at 145 m shows the morphology in the flood period with the reservoir in operation.
The flow calculation is performed by assuming steady flow at every time step. Fig. 3 compares the experimental and calculated surface velocity in the 32nd, 54th, and 76th years. From the figures it can be seen that in the initial period of TGP operation, which is represented in Fig. 3(a) (the 32nd year surface velocity), the velocity is not large because of the large water depth in the neighborhood of the project. As well, the water surface width is large, especially near the dam where it extends to about 2,000 m. Due to the complex geometry in the area near the dam, there are many regions of backflow.
With the development of deposition in the reservoir, the surface velocity gradually increases. A deposition floodplain gradually forms alongside the river in the streamwise direction. The deposition floodplain can be seen in Fig. 3(b) . In this figure the surface velocity is about 2.0-3.0 m/s and the backflow has decreased because of the deposition of the floodplain. Over time the deposition in the reservoir will finally form a perfect floodplain. This floodplain is shown in Fig. 3(c) . It can be seen that the 145-m geometry contour is smooth, and the river geometry relationship is similar to that of a natural river. As well, Fig. 3(c) shows that the velocity is >3.0 m/s and that there is almost no backflow in the area near the dam.
The numerical simulations for flow and sedimentation have been carried out until the 76th year. Fig. 4 shows the trends of accumulated deposition from the 1st year to the 76th year after the commission of the project. It can be seen from the figure that the predicted results agree well with the experiment and that the deposition in the whole dam area increases nearly linearly with time. The average deposition volume is 24,500,000 m 3 /year in the first 50 years, and there are in total about 1.2 billion m 3 of sediment deposited in the 16.5-km length behind the dam during the first 70 years after the TGP works. In the 6.8-km length closer to the dam, the sedimentation from the 30th to the 50th year is heavier than for the first 30 years. In fact the deposition rate rises from 1.47 ϫ 10 6 to 3.16 ϫ 10 6 m 3 /(year и km). This shows that with the accumulation of the sediment, deposition gradually shifts from the tail of the reservoir to the dam. The averaged cross-sectional area below the 145-m water level is shown in Fig. 5 . The calculated averaged cross-sectional area agrees well with the experimental results, and the figure shows that the alternation with time of the averaged cross-sectional area below the water level 145 m follows the deposition law for this river reach. The averaged area reduces from 100,000 m 2 at the beginning to 20,000 m 2 at the 60th to the 70th year. The later value is gradually approaching the natural and native river condition imposed by the averaged flow and sediment transport over many years.
To learn more of the deposition, the predicted results are compared with the 32nd and 54th year deposition datum taken from the physical model experiment. Fig. 6 compares some typical bed levels of the river with the results from the model test. It can be seen that the computed bed levels at the end of the 32nd and 54th year are very close to those given by the physical modeling, although depositions of 60-100 m have occurred. As well, Fig. 6 shows that ''parallel'' deposition occurs during the early 32 years; the riverbed keeps the same floodplain and main channel pattern as in its natural condition. However, from the 32nd to 54th year, a moving of the main channel takes place and a new floodplain and main channel is produced. Consequently, the fluvial processes generally recover to the natural and native hydraulic geometry but are more smooth than the original river pattern. The river channel is available for sediment transport. Possibly the ''memory'' of the river hints to us that the control water level of the reservoir is very important, especially during the flood season when heavy sediment transport occurs. The control water level has a significant impact on the elevation of the floodplain, and the elevation of the floodplain will affect the flood storage capacity of the reservoir. The calibrations and verifications in this paper are based on the results of the physical model experiment of Tsinghua University. Strictly speaking, these experiments cannot exactly duplicate the working of the TGP reservoir. Currently, plastic materials are used for the model sediment, and when using these materials it is difficult to obtain resistance similarity between the experiment and the natural river. As a result the experimental velocity may be a little larger than in the practical situation. Moreover, when using plastic materials, the repose angle of sediment in the flow is different from that of natural sand and causes shape deviations between the cross sections of the model and natural river. However the results from the three finished physical model experiments are in good agreement for most of the cross sections of the simulated river reach, despite each experiment using a different scale factor and a different model sediment. The fact of this agreement shows that it is feasible to use these experimental results to calibrate and evaluate the numerical simulations contained in this paper.
Moreover it should be pointed out that long-term sediment transport modeling involves many uncertainties, and therefore it is not easy to predict the exact river fluvial processes in the reservoir. Comparatively speaking, the empirical parameters employed in the model are determined through reference to data obtained from many years of observation and measurement of the natural river. They are designed to reproduce the river's long-term fluvial process. However more advanced turbulence and sediment transport models must be used if partial and short-term deformations of the river are to be accurately captured.
CONCLUSIONS
A 3D numerical model of turbulent flow based on the nonequilibrium transport of suspended sediment has been developed for a nonorthogonal curvilinear coordinate system. The basic equations are solved by the FAM. The equations have been united to give the normal convective-diffusion form. The boundary conditions employed are a dynamic free surface and a lower sediment boundary layer that provides for the exchange of suspended load at the riverbed. The numerical model has been applied to the simulation of flow and sedimentation in the TGP and compared with the physical model experiments of Tsinghua University. The numerical results agree well with the experiment results.
From the predictions of the mathematical model, it can be seen that the deposition of suspended sediment gradually increases once the Yangtze River has been dammed. Based on the control method for the reservoir, 60-70 years after the TGP works there will be about 1.2 billion m 3 sediment deposited in the 16.5 km of river behind the dam. The averaged cross-sectional area below the water level at 145 m is about 20,000 m 2 . After this, the deposition rate changes little in the region of the dam.
The mathematical model of sediment-laden flow presented in this paper, which is a variable-density two-phase flow, has achieved a degree of success in practical hydraulic engineering. However, sediment-laden flow involves complex twophase stress-relation mechanisms, the sediment exchange of the riverbed boundary, and effects arising from variations in sediment-carrying capability. Measurements in the river can not yet satisfy the need for knowledge about the flow and sediment transport. At present, physical model experiments are still the major tool for investigating problems of sediment transport in large hydraulic engineering projects, because the physical model experiments most easily capture the complex 3D nature of the flow and sediment transport process. Efforts are under way to collect more field data and laboratory experimental results to support the numerical predictions. In addition a more exact and advanced turbulence model is being developed. With a deeper knowledge of the mechanisms and an accumulation of numerical results, the mathematical models of two-phase flow will be gradually perfected.
APPENDIX I. REVIEW OF TWO KEY PARAMETERS IN CHINESE NUMERICAL MODELING OF NONEQUILIBRIUM SUSPENDED-SEDIMENT TRANSPORT
Research on sediment transport has a long history in China, dating from the famous Du-Jiang weir project built about 2,000 years ago. The sediment concentration is heavy in many rivers. Rivers with heavy sediment concentration are distinguished from others by two characteristics. The first is that the sediment transport differs greatly from year to year. The second is that, within any year, most of the sediment transport is highly concentrated in a few flood events caused by heavy rain during the flood season. For example, the averaged sediment concentration over many years in the Yangtze River, the longest in China, is 1.18 kg/m 3 (measured at the Yichang hydrologic station). The averaged sediment concentration over many years in the Yellow River, the second largest in China, is 36.9 kg/m 3 (measured at the Shan county hydrologic station) (Zhang and Xie 1989) . The sediment concentration increases in the flood season, being >1,000 kg/m 3 in some tributaries of the Yellow River. Whether such sediment transport problems can be successfully solved often holds the key to the success of a hydraulic engineering project (Qian and Wan 1983) . At present, the construction of two huge hydraulic projects is under way-the TGP on the Yangtze River and the Xiao Lang Di Project on the Yellow River. A committee of sediment experts and several hundred engineers have been conducting the investigation into the sediment problems of these two projects, and some significant results have already come out. Some of these experiments have been performed many times, and the results tend to be very consistent. The numerical modeling of sediment transport in China has been improved greatly by advances in computer technology. As well, the construction of hydraulic projects has provided ample data with which to calibrate the models. Almost all the mathematical modeling of sediment transport in China is at present based on the nonequilibrium approach. A recent tendency of sediment numerical modeling in China is to complement this modeling with experiments and field measurements (Xie 1987 (Xie , 1990 .
EQUATION OF RIVERBED DEFORMATION AND RECOVERY COEFFICIENT
Let us consider the sediment exchange on the riverbed. There is an interface between the riverbed and the sedimentladen flow. The kinematic boundary condition at the lower riverbed boundary for a sediment-laden flow in an open channel is (Sayre 1969; Chen 1971; Xie 1990) 
Ѩs
Ѩs Ѩy Ѩs Ѩy Ѩy
where b and = settling velocity of the sediment and the s b averaged sediment concentration at the lower boundary, respectively; y 0 = local bed level above datum; and ε x , ε y , and ε z = sediment diffusion coefficients at the x-, y-, and z-directions.
Neglecting horizontal dispersion during sediment transport, (24) is simplified to be
If it is under the equilibrium state of sediment transport, the riverbed will be kept stationary; Ѩy 0 /Ѩt = 0. When this is true, the sediment concentration near the riverbed has the same s b value as which is the sediment concentration under cons , b* ditions of equilibrium sediment transport. In China, is often s b* defined to be the critical (saturated) or theoretical maximum sediment concentration. When conditions of equilibrium sediment transport are assumed, the gradient of sediment concentration above the riverbed is a constant
Assume that the aforementioned law can be applied to nonequilibrium sediment transport. Eq. (25) can then be expressed
If there is only suspended-sediment transport, many mathematical models of sediment transport employ (27) as the lower boundary (van Rijn 1987; Celik and Rodi 1988; van Rijn et al. 1990; Sylvain and Benoit 1996) .
It should be explained that the numerical simulations referred to previously generally include suspended sediment and bed-load transport, together they are named total sediment transport, and these two kinds of sediment are calculated separately. These computations use models in which the domain of sediment-laden flow is often subdivided into a thin bedload layer and a suspended-sediment region above the bedload layer. The exchange of sediment between the two layers is through deposition (downward sediment flux) at rate D b and entrainment from the bed-load layer (upward sediment flux) at rate E b . Naturally, the deformation of the riverbed is deduced from the bed-load layer. It deserves to be stressed that in the equation of bed deformation there is a nonequilibrium adaptation length for bed-load transport L s (van Rijn 1987; Phillips and Sutherland 1989; Rahuel et al. 1989; Wu et al. 2000) Ѩy 1
where q b and = bed-load transport and bed-load transport q b* under equilibrium conditions, respectively. The nonequilibrium adaptation length L s is a very important parameter in the model, which, to sum up, has to be prescribed empirically and often adopts different values in different models.
In our study, for suspended transport we often do not draw a distinction between the bed-load layer and the suspendedsediment region, but instead use a lower boundary layer of suspended sediment or suspended sediment in the near-bed layer (Cao 1993; Zhang and Xie 1993; Cao et al. 1995) . This is because in a natural river it is always difficult to define the bed-load layer under the condition of unsteady flow with nonequilibrium sediment transport. Moreover, in investigations of sediment problems in hydraulic engineering exhibiting mainly suspended-sediment transport, we usually employ a suspended-sediment transport model that excludes the bed-load transport.
In the lower boundary layer for the riverbed, the sediment concentration is seldom equal to the equilibrium sediment-carrying capacity; i.e., the sediment concentration is always varying between an extrasaturated or an insufficiently saturated state. The sediment exchange between the lower boundary layer and the riverbed occurs by deposition and erosion. There is a ratio of Ϫ to ЈѨy 0 /Ѩt, and that ratio can represent the law of sediment transport for the extrasaturated and insufficiently saturated condition. The writers consider that to define the aforementioned recovery saturated ratio ␣ as the recovery coefficient is more reasonable; i.e.,
From the above equation it is obvious that the recovery coefficient exerts a great deal of influence on the rate of river-bed deformation. The larger the recovery coefficient is, the greater will be the rate of riverbed deformation, and vice versa. Up to the present, in China, the recovery coefficient is still the question at issue. Dou (1963) proposed that, in a deposition process, ␣ i is the settling probability of the ith group of sediment, but in an erosion process, a modification should be made. Specifically, it is suggested to multiply ␣ i by the size distribution of PЈ , bi the ith group of sediment possibly being set into suspension. Clearly ␣ i and its modified value are <1, and Lin et al. (1983) and Lin and Shen (1984) suggested ␣ to be a ratio of the near-bed concentration to the depth-averaged concentration. Zhou and Lin (1998) took it as the adjustment coefficient in a procedure of lateral integration that is applied to obtain the global values for the entire cross section and distribution of deposition and erosion to the wetted perimeter. Han (1979 Han ( , 1980 , Han and He (1984) , and Han (1986, 1989) gave ␣ another physical meaning. By integrating the diffusion equation along a vertical, they obtained an ␣ that is a ratio of sediment concentration at a point near the bed to the depth-averaged sediment concentration; thereby, ␣ will be certainly >1. However in nature, the suspended-sediment distribution varies with time and space, so that it is difficult to solve by an integral method. Generally, a recovery coefficient is evaluated by using it during a computation and then comparing the results of the computation to measured data. The idea of the recovery coefficient is used to account for a variety of different mechanisms that occur during the deposition and erosion process. Due to this fact, ␣ is a synthetic coefficient. Through calibration with the field measurements and existing computational results, the authors proposed that ␣ = 0.25 and 0.5 for a river reservoir and lake reservoir, respectively, if deposition is occurring and ␣ = 1.0 or more if erosion is taking place. This is an empirical method for deciding upon the recovery coefficient. Obviously, the larger the number of measurements and laboratory physical experiments that one has access to, the more accurate is one's estimation of ␣ and any subsequent calculation.
From the above, it also can be seen that the applied value of ␣ is inconsistent not only with Han's theoretical analysis, but also with Dou's (1963) theory. According to Dou, the recovery coefficient for the scouring case is smaller than for the silting case. Most likely these inconsistencies result from the fact that the coefficient of recovery is a coefficient of adjustment, which reflects also the influence of some factors other than the suggested ones, especially the effect of unsteady and nonuniform flow (Zhang and Xie 1993) .
Recently, there has been an advanced explanation of the recovery coefficient. This is the more strict mathematical expression presented by Han and He (1997) . This calculation is based on probability and statistics theory with the help of the mechanics analysis and leads to an equation for the probability of deposition and erosion above the riverbed. The deductions begin with the dynamic boundary condition for the riverbed
The values of D b and E b are calculated from the theory of probability and statistics. Substitution of D b and E b into (30) allows the recovery coefficient to be expressed as follows:
where 1 Ϫ ε 0 = probability that the sediment will stop; and 1 Ϫ ε 4 = probability that the sediment will drop out of suspension. In summary, the above theory about the recovery coefficient is not yet perfect, and ␣ is still at present a synthetic empirical parameter. However, to a certain extent, it indeed represents the object law that the sediment-laden flow is always in an extra or insufficiently saturated state, leading to the deposition or erosion of the riverbed. From 1D modeling of the deposition along downstream regions of the Yellow River (Wei 1990) , it has been revealed that the recovery coefficient is much smaller than the 0.25 proposed by Han (1979 Han ( , 1980 . This fact demonstrates that the recovery process that occurs when the sediment concentration changes from nonequilibrium to equilibrium in the Yellow River, with its heavy sediment concentration, are much slower than for the same process in any other river. It also indicates that if we only use (27) to calculate the deposition for Yellow River, without including the recovery coefficient ␣, we are sure to get a much bigger deposition result than the field measurements indicate. It can be concluded that it is very important for the calculation to add a parameter of recovery coefficient in the mathematical model for suspended-sediment transport and that the calibration of the coefficient of recovery with field measurements is always needed. Based on many mathematical models of sediment transport, we can gradually expand the database of recovery coefficients to account for sediment transport in different rivers.
SEDIMENT-CARRYING CAPACITY S *
The technical term ''sediment-carrying capacity'' in the Chinese references is often used to indicate the ability of the flow to transport suspended sediment measured as a percentage of volume and of weight or, for practical use, in weight or mass per unit volume (Zhang and Xie 1993) . In practical applications, the suspended sediment usually consists of two different parts, one of which is defined to be bed material, which may be supplied from the bed surface, and the other is defined to be wash load, with a size so small that it could rarely be found on the bed surface and is carried by the river flow in a practically unlimited amount. This is the same definition as supported by van Rijn (1984b) . These two parts of suspended sediment can be mutually interchanged according to variations in flow conditions. However for the fixed flow conditions it is easier to summarize the law of sediment transport.
The concept for sediment-carrying capacity is originally from 1D situations of sediment transport; thereby the following discussions are based on the 1D cross-sectional averaged situation. For steady flow with sediment transport in a 1D coordinate system, the sediment-carrying capacity is defined as the critical or theoretical maximum of bed material concentration under the condition of equilibrium sediment transport. If the input of sediment to the bed material is more than the sediment-carrying capacity can support, the sediment-laden flow is in extrasaturation and deposition occurs. Otherwise, erosion occurs because the sediment-laden flow is in insufficient saturation. By deposition and erosion, the sediment concentration of bed material is gradually brought close to the sediment-carrying capacity under equilibrium transport for sediment-laden flow. Zhang (1961) collected a lot of data from the Yangtze River, the Yellow River, reservoirs, channels, and laboratory experiments. These data are shown in Fig. 7 . Analysis of the data leads to the conclusion that the critical sediment concentration of bed material representing the sediment-carrying capac-S , * ity, is closely related to a comprehensive parameter U The above law can be theoretically explained by the hypothesis of restraining or damping turbulence proposed by Zhang (1961) . This hypothesis indicates that the suspended sediment has a damping effect on turbulence in the sedimentladen flow. The above idea can be justified by using the records in many hydrologic stations along the Yellow River. Nevertheless, it is shown in Fig. 8 that very low values of the roughness coefficient n (even n < 0.01) in Manning's formula are obtained with these heavy sediment concentrations. It can be recognized that the occurrence of such a low value of roughness coefficient is best explained through attributing a damping effect to the heavy sediment concentration. Moreover, laboratory experiments indicate the strength of turbulence in clear water flow is higher than that in sediment-laden flow, especially in the lower layer near the bed (Zhang and Xie 1993) .
Based on the aforementioned law of energy loss and conservation in sediment-laden flow, Zhang (1961) Zhang's (1961) formula, which has been widely used in China, may be considered as semitheoretical and semiempirical. Furthermore, there are a lot of sediment-carrying capacity formulas that are consistent with local conditions. They are mostly regressed by the field measured data or have the same basic form as Zhang's formula.
With the development of 1D mathematical models, the concept of sediment-carrying capacity was gradually applied to 2D models integrated over the water depth. The basic form of the 2D sediment-carrying capacity equation is similar to (32). However, in the formula the velocity U is replaced by the magnitude of the vector sum of u and w (i.e., R 2 2 u ϩ w ),
͙
is instead the water depth h, and the corresponding sedimentcarrying capacity is the depth-averaged one. By employing the above sediment-carrying capacity equation, a lot of good results have been obtained (Li and Xie 1986; Wu 1993; Zhou and Lin 1995) . When applying the concept of sediment-carrying capacity to a 3D model for sediment transport, it is necessary to find a relationship between the sediment-carrying capacity above the riverbed and the depth-averaged one. This means that the rel-ative concentration profile is needed. Eq. (15) gives a solution of this idea (Fang 1996) . However, research on riverbed sediment concentration is difficult and complex. Based on the idea of particle parameter and transport stage parameters, van Rijn (1984a,b) proposed the well-known formula, with validated sediment diameter from 170 to 700 m, for suspended-sediment transport under equilibrium conditions , and = kinematic viscosity D * coefficient. Many mathematical models use the above formula as the lower boundary condition (van Rijn 1984a,b,c; Celik and Rodi 1988; van Rijn et al. 1990; Sylvain and Benoit 1996) .
Although there are many sediment transport formulas that calculate the sediment concentration under equilibrium conditions, it is difficult to construct a relationship that performs well over all different conditions. The difficulty is that in nature the river sediment concentration at the bed surface cannot be measured accurately, and even the proper position of the so-called bed cannot be determined definitively. A useful method is to compute the sediment concentration at the bed surface according to certain laws of vertical distribution of sediment concentration, based on the observed data of suspended-sediment discharge.
The sediment-carrying capacity is very important and is of significance for the calculation of river deposition and erosion. Its idea and concept come mainly from the analysis and summary of river field measurements, but especially from calculation practice using models of suspended-sediment transport. Consequently in numerical simulations of suspended transport, we have to collect lots of field measurements, especially in natural rivers in the period of flood season when they are displaying the unsteady flow that results in the more intensively nonequilibrium sediment transport. From the above it can be seen that the parameters selected in the model of sediment transport are from field measurement and that they have many empirical corrections.
In summary, it cannot be said that the whole of Chinese research into the recovery coefficient and sediment-carrying capacity for nonequilibrium sediment transport has been covered in this paper. However, it can be said that in China most of the mathematical models for nonequilibrium suspendedsediment transport have employed the recovery coefficient ␣ and the sediment-carrying capacity It has been mentioned S . * that in the nonequilibrium sediment transport model there are theories for nonuniform sediment transport, but in this paper it is not stressed. Up to the present, the research and basic theory on nonequilibrium sediment transport is still the basis for the study of sediment transport in steady flow. However in nature, most of the flow and sediment transport processes are unsteady. Apparently, unsteady flows have a more significant impact on the sediment-carrying capability, distribution of sediment concentration over the vertical direction, and recovery coefficient along the riverbed than do steady flows. Therefore, we should pay more attention to the theory of sediment transport by unsteady flow. Meanwhile, with the construction of large and important hydraulic engineering projects in China, both mathematical and physical models have been employed in research. The combination of mathematical and physical models gives us a chance and the challenge of setting up more accurate mathematical models to simulate sediment transport.
